Abstract. In this paper, we construct the multicomponent modified KP hierarchy and its additional symmetries. The additional symmetries constitute an interesting multi-folds quantum torus type Lie algebra. By a reduction, we also construct the constrained multicomponent modified KP hierarchy and its Virasoro type additional symmetries.
Introduction
The modified Kadomtsev-Petviashvili (mKP) hierarchy is one of the most important research objects in the mathematical physics and integrable systems introduced in the early 1980s [1, 2] and then several versions [3] [4] [5] [6] [7] [8] , particularly the Kupershmidt-Kiso version [9, 10] are developed. A Miura transformation will transfer it to the the KP systems like the relationship between KdV and mKdV equation.
Additional symmetries are a kind of important symmetries depending explicitly on the space and time variables [11] . Recently, much important work about the KP type systems has been obtained in the additional symmetries, such as the B and C type KP systems [12] .
As we know, the constrained KP hierarchy [13] is another kind of KP type integrable hierarchy and the additional symmetry flows are not easily consistent with the reduction on the Lax operator for the constrained KP hierarchy [14] . Therefore it is highly non-trivial to find a suitable additional symmetry flows on eigenfunctions and adjoint eigenfunctions to make the constraint compatible with its additional symmetry. Besides, other KP type and Toda type systems also have interesting structure of additional symmetries [15] [16] [17] such as Block algebra [18] . The Block type additional structure was found in [15] as a kind of additional symmetry of the bigraded Toda hierarchy and later a series of studies on integrable systems and Block algebras such as in [16, [19] [20] [21] were done. After a quantization, the Block type Lie algebra becomes the so-called quantum torus Lie algebra [22] [23] [24] . Also a supersymmetric Block algebra was also found in supersymmetric BKP systems in [25] .
The multi-component KP hierarchy is an important matrix-formed generalization of the original KP hierarchy and its additional symmetry was well-studied in [26] . Later with reduction, a quite natural constrained multi-component KP hierarchy was studied by Y. Zhang in [27] . Recently the research on random matrices and non-intersecting Brownian motions and the study of moment matrices with regard to several weights showed that the determinants of such moment matrices these determinants are tau-functions of the multi-component KP-hierarchy [28] . For multicomponent discrete integrable systems, the multicomponent Toda hierarchy recently attracts a lot of valuable research such as [29] [30] [31] . In [32] , we considered the constrained multi-component KP hierarchy and identified its algebraic structure. In [33] , a q-deformed modified KP hierarchy and its additional symmetries are constructed. Later in [34] , the additional symmetries of the mKP hierarchy and the constrained mKP hierarchy are constructed, and the corresponding actions on two tau functions are obtained. For the multicomponent KP hierarchy, compact expressions for symmetry flows, vertex operators and the associated Hamiltonian formalism was studied in [35] . Also the relations to the isomonodromy problem and the related vector field action on Riemann surfaces of the system were later developed in [36] . A natural question is what about the additional symmetries of the constrained multicomponent mKP hierarchy and other similar studies. This paper will be organized in the following way. In Section 2, some basic facts about the mKP hierarchy are introduced. The multicomponent modified KP hierarchy are constructed in Section 3.
Then in Section 4, the additional symmetry of the multicomponent modified KP hierarchy and the symmetry constitutes a quantum torus type Lie algebra. Next in Section 5, a constrained multicomponent modified KP hierarchy are given. After that in Section 6, the additional symmetry of the constrained multicomponent modified KP hierarchy are investigated.
The modified KP hierarchy and multi-component modified KP hierarchy
In this section, we will consider the algebra g of the pseudo-differential operators
where ∂ = ∂ x and u i = u i (t 1 = x, t 2 , · · · ). For any operator A = i a i ∂ i ∈ g, A ≥k = i≥k a i ∂ i and
The mKP hierarchy can be defined as the following Lax equation in Kupershmidt-Kiso version [9, 10] 
with the Lax operator L ∈ g as below
3)
The mKP hierarchy (2.2) contains the well-known mKP equation
The Lax operator L for the mKP hierarchy can also be rewritten in terms of a dressing operator Z,
where Z is given by
Then the Lax equation (2.2) is equivalent to the following Sato equation
In the next section, we will introduce an N -component modified KP hierarchy which contains N infinite families of time variables t α,n , α = 1, . . . , N, n = 1, 2, . . .. The coefficients A, u 1 , u 2 , . . . of the Lax operator 8) are N × N matrices and A = diag(a 1 , a 2 , . . . , a N ). There are another N pseudodifferential operators R 1 , . . . , R N of the form
where E α is the N × N matrix with 1 on the (α, α)-component and zero elsewhere, and u α,1 , u α,2 , . . . are also N × N matrices. The operators L, R 1 , . . . , R N satisfy the following conditions:
The Lax equations are:
The operator ∂ now is equal to a −1
In fact the Lax operator L and R α can have the following dressing structures
where
and the dressing operator P satisfies the following Sato equations
Define the eigenfunction w and the adjoint eigenfunction w * of the N -component mKP hierarchy in the following way: 13) and the eigenfunction w and the adjoint eigenfunction w * of the N -component mKP hierarchy
In the second equation here it is assumed that the operators
Additional symmetries of the multicomponent mKP Hierarchy
In order to define the additional symmetry for the multicomponent mKP hierarchy, the OrlovSchulman operator M for the multicomponent mKP hierarchy can be introduced as follows,
Then basing on a quantum parameter q, the additional flows for the time variable t m,n,α , t * m,n,α are defined respectively as follows
or equivalently rewritten as
Define the generator of the additional symmetries for multicomponent mKP hierarchy in the following double expansion
Then by using the following fact
one can find Y α (λ, µ) can be rewritten into a nice form similarly as [37] (for KP system), which is listed in the proposition below.
Proposition 1. The generating operator Y α (λ, µ) have the following nice form as
And their combination N α=1 will produce the following generating operator
Proof. The proof is similar as the proof in [34, 35] which is about the mKP hierarchy and the multicomponent KP hierarchy. Firstly, using
which further leads to
The identity (3.11) can be derived by using the fact
Inspired by [38] [39] [40] , the ghost symmetry flow for the multicomponent mKP hierarchy can be defined by the following equations
14)
The actions of ∂ α on the wave function φ ( a linear combination of the eigenfunctions) and the adjoint wave function φ * ( a linear combination of the adjoint eigenfunctions) are listed below.
The actions of ∂ Y on the wave function φ and the adjoint wave function φ * are listed below.
We can further get The additional flows of ∂ t l,k,α are symmetry flows of the multicomponent mKP hierarchy, i.e. they commute with all ∂ t β,n flows of the multicomponent mKP hierarchy.
According to the action of ∂ t * l,k,α and ∂ t β,n on the Lax operator L, we can rewrite the quantum torus
in terms of a combination of ∂ tp,s flows
Then we can derive the following theorem. of the multicomponent mKP hierarchy form the following multi quantum torus type algebra, i.e.,
Proof. Using the Jacobi identity, we can derive the following computation which will finish the proof of this theorem
One can also prove this theorem as following in another way by considering the functions' set {e mM q nL R α , m, n ≥ 0, 1 ≤ α ≤ N } has an isomorphism with the functions' set {q nz e m∂z R β , m, n ≥ 0, 1 ≤ β ≤ N } as 
The constrained multi-component mKP hierarchy
Similar as the constrained multicomponent KP hierarchy in [27] , the following reduction condition can also be imposed onto the N -component mKP hierarchy:
Let us denote following operators aŝ
and
i ) is the r × r principal sub-matrix of P (E i ). This further lead to
Under the constraint eq.(4), the following evolutionary equations of the constrained N -component mKP hierarchy can be derived
where for B
When r = 1, N = 2, one can obtain a s-constrained mKP hierarchy. When r = 1, N ≥ 2, one can obtain the vector s-constrained mKP hierarchy.
Virasoro symmetry of the constrained multi-component mKP hierarchy
In this section, we shall construct the additional symmetry and discuss the algebraic structure of the additional symmetry flows of the N -component constrained mKP hierarchy.
To this end, firstly we defineΓ (r) and the Orlov-Shulman's operator M
It is easy to find the following formula
There are the following commutation relations
which can be verified by a straightforward calculation. By using the Sato equation, the isospectral flow of the M operator is given by
More generally,
The Lax operator L and the Orlov-Shulman's M operator satisfy the following canonical relation
Then the additional flows for the time variable t m,n,β will be defined as follows 6) which is equivalent to
Later we can prove the additional flows ∂ ∂t m,n,β commute with the flow ∂ ∂t k,γ and they form a kind of W ∞ infinite dimensional additional Lie algebra which contain Virasoro algebra as a subalgebra. To this purpose, we need several lemmas and propositions as preparation firstly.
For above local differential operators B (β,r) n , we have the following lemma.
Proof. Firstly we consider a fundamental monomial:∂ n (n ≥ 1). Then
Notice that the second term can be rewritten in the following way
then the lemma is proved.
We can get some properties of the Lax operator in the following proposition.
Lemma 5. The Lax operator L of the constrained N -component mKP hierarchy will satisfy the relation
, for arbitrary r × r matrix function φ.
The action of original additional flows of the constrained N -component mKP hierarchy is expressed
To keep the consistency with flow equations on eigenfunction and adjoint eigenfunction φ (r) , ψ (r) , we shall introduce an operator F (α,r) k as following to modify the additional symmetry of the constrained multi-component mKP hierarchy.
We now introduce a pseudo differential operator
The following lemmas are necessary to concern the Virasoro symmetry.
(5.12)
Lemma 7. The action of flows ∂ t l,β of the constrained N -component mKP hierarchy on the F
Proof.
Further, the following expression of [F 
which further help us deriving eq.(5.14) using eq.(5.8).
Putting together (5.9) and (5.14), we define the additional flows of the constrained N -component mKP hierarchy as
where F (β,r) k−1 = 0, for k = 0, 1, 2, such that the right-hand side of (5.15) is in the form of derivation of Lax equations. Generally, one can also derive 
Proof. Substitution of (5.14) to negative part of (5.15) shows
On the other side,
Comparing right hand sides of (5.18) and (5.19) implies the action of additional flows on the eigenfunction and the adjoint eigenfunction (5.17).
Next according the action of ∂ t 1,k,β and ∂ t l,α on the dressing operator S, then The other case can be similarly proved.
